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Steady state problem

General second order PDE
ue C3(Q)N CHQ) (2 c RY, d > 1 bounded open domain)

-V -vVu+ V- (bu)="f in Q,

u=2~0 onl.

Possible discretizations

1. Finite Difference Method: use O, u(x;) ~ M with "fixed” h
2. Finite Volume Method: use the integral form of the equation

3. Finite Element Method: use the weak form
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FDM

e easy to implement

e higher order is

complicated

e complicated for
complex geometry
or unstructured

mesh

e not conservative

FVM

e conservative
discretization

e higher order is
complicated

e complicated for

unstructured grid

FEM

e higher order is easy

e unstructured grid is
not a problem

® not conservative

e poor performance
for convection
dominated

problems
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Weak form & Classical Galerkin

Weak form

-V -vVu+V-(bu)="f in Q
multiply by v and IBP

/uVu~Vv—/ub-Vv+BC:/fv
Q Q Q
——

a(u,v) I(v)

Only the first derivative appears in the formula

u,v eV =H}(Q) ={vel*Q): Vve )], v[f=0}
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Finite Element Methods

2up € Vi a(up, vi) = I(v) Yy € V

V is infinite dimensional

Restrict to a finite dimensional subspace V,, C V

Th: mesh over Q, Vj: piecewise polynomials that are continuous

Vi ={v e }(Q): v e P(K),YK € Tn} N C(Q)

Basis with compact support

Easy to integrate

Easy to go for high polynomial degree



Choose a basis of Vj, : {®;, -+, Oy}



Choose a basis of Vj, : {®;, -+, Oy}

Seek the coefficients {c;} such that u, = vazl i



Choose a basis of Vj, : {®;, -+, Oy}
Seek the coefficients {c;} such that u, = vazl i

Linear system

Ac=b

where

[ A;yj = 3(¢j7¢,‘)



Choose a basis of Vj, : {®;, -+, Oy}
Seek the coefficients {c;} such that u, = vazl cid;
Linear system
Ac=b
where
o Aij=a(d;,d;)

o b; = I(d))



Choose a basis of Vj, : {®;, -+, Oy}
Seek the coefficients {c;} such that u, = vazl cid;
Linear system
Ac=b
where
o Aij=a(d;,d;)
e b, = /(%))

e A is very sparse



Choose a basis of Vj, : {®;, -+, Oy}
Seek the coefficients {c;} such that u, = vazl cid;
Linear system
Ac=b

where

o Aij=a(d;,d;)

o b = I())

e A is very sparse

e Direct or iterative solver?



Choose a basis of Vj, : {®;, -+, Oy}
Seek the coefficients {c;} such that u, = vazl cid;
Linear system
Ac=b

where

o Aij=a(d;,d;)

e b, = /(%))

e A is very sparse

e Direct or iterative solver?

Size vs condition number
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Diffusion Dominated Problem

Consider the advection-diffusion problem

—kAu+C-Vu=f in Q =10,1] x [0, 1],
u=gp onl =0Q,

with exact solution u(x,y) = sin(6x)sin(6y), f and gp are derived from
this exact solution, ¢ = (—1,1)7 and & is the diffusion coefficient.



Diffusion Dominated Problem

Consider the advection-diffusion problem

—kAu+C-Vu=f in Q =10,1] x [0, 1],
u=gp onl =0Q,

with exact solution u(x,y) = sin(6x)sin(6y), f and gp are derived from
this exact solution, ¢ = (—1,1)7 and & is the diffusion coefficient.

Convergence rates

|u— upll2@y < CH*H!
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Figure 1: ||ucc — vel|, = 4.7704e — 4



Pure Advection Problem

Consider the same problem

—kAu+C-Vu=f in Q =10,1] x [0, 1],
u=gp onl=090Q,

with exact solution u(x,y) = sin(6x)sin(6y), f and gp are derived from
this exact solution, ¢ = (—1,1)7 and xk=0.
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(1,1,39.9

Figure 2: ||ucc — uel|, = 7.02071
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FVM

e numerical fluxes over the
elements

e upwind flux
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Possible improvement: DG

FVM CG
e numerical fluxes over the e higher order discretization
elements

e upwind flux

DG

o derive weak form starting from one element
e connection between elements via fluxes

o higher order discretization

12
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Mesh first

Rewrite —V - vVu+ V - (bu) = f using q = —Vu
First order system
vWV-q+V-(bu)="f
q+Vu=0

IBP on mesh element K + discretization

/fwh:—/z/qh-VWh+/ v, - Wy
K K oK
—/uhb~VWh+/ whplpb - n
K oK

/qh~vh:—/Vuh-vh+/ (up — Up)vp - n
K K K
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1 equation or 2 equations?

If v=0vVw,

/fwh:/ l/Vuh-VW;,—i—/ (ﬁh—uh)Vth-n—i—/ Vg - Nwj,
K K oK oK

—/uhb-VWh—F/ Whtpb - n
K oK
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1 equation or 2 equations?

If v=0vVw,

/fwh:/ l/Vuh-VW;,—i—/ (ﬁh—uh)Vth-n—i—/ Vg - Nwj,
K K oK oK

—/uhb-VWh—F/ Whtpb - n
K oK

Summing over all K € T,

The interior faces will show up twice

14
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Choice of the numerical flux

Advection
Use upwinding

N u ifb-n>0
Uup =
ugp ifb-n<0

Diffusion part
Plenty of possibilities (see Brezzi-Marini survey)
«

P (ug — ug)n

Interior penalty: q, = Vu, + % [ur]n = Vu, +

Example with 2 equations: Local DG: g, = q; + 7(u. — ug)n

15



Upwind in 2D

ur
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IP discretization

IP approximate weak form

Seek up, € V), such that apg(un, vi) = Ipc(vs) for all v, € V4.

17



IP discretization

IP approximate weak form

Seek up, € V), such that apg(un, vi) = Ipc(vs) for all v, € V4.

Looks like CG, but it is totally different

17



IP discretization

IP approximate weak form
Seek up, € V), such that apg(un, vi) = Ipc(vs) for all v, € V4.

Looks like CG, but it is totally different

IP notations

apc(up, vp) = Z / vVuy - Vw, — Z / upb - Vv,
K K

KeTh KeTh

+ interior face terms

Ipc(vh) = Z / fv, + BC
K

K€ETh
Vi ={v € L3(Q) : v € Px(K),VK € Tp}

17
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CG vs DG pros and cons

CG

lower number of degrees of
freedom

diffusion dominated cases are
easier to solve by iterative
methods

fails for convection dominated
cases

hard to do hp adaptivity: the
unknowns on different elements
are connected

DG

higher number of degrees of
freedom

harder to solve with an iterative
solver

works better for convection
dominated cases

hp adaptivity is easy: the
unknowns on different elements
are not connected

19



Diffusion Dominated Problem

Consider the advection-diffusion problem

—kAu+C-Vu=f in Q =10,1] x [0, 1],
u=gp onl =0Q,

with exact solution u(x,y) = sin(6x)sin(6y), f and gp are derived from
this exact solution, ¢ = (—1,1)7 and & is the diffusion coefficient.
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Diffusion Dominated Problem

Consider the advection-diffusion problem

—kAu+C-Vu=f in Q =10,1] x [0, 1],
u=gp onl =0Q,

with exact solution u(x,y) = sin(6x)sin(6y), f and gp are derived from
this exact solution, ¢ = (—1,1)7 and & is the diffusion coefficient.

Convergence rates

|u— upll2@y < CH*H!
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(1,1,0.9¢

Figure 3: ||upc — ue||, = 3.8546e — 4
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Pure Advection Problem

Consider the same problem

—kAu+C-Vu=f in Q =10,1] x [0, 1],
u=gp onl=090Q,

with exact solution u(x,y) = sin(6x)sin(6y), f and gp are derived from
this exact solution, ¢ = (—1,1)7 and xk=0.

22



(1,1,0.99

Figure 4: ||upc — ue||r, = 3.0956e — 4
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Idea of HDG




Hybridizable DG

DG

e derive weak form on one element
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Hybridizable DG

DG

e derive weak form on one element

e connection between elements via fluxes

HDG

o derive weak form on one element
o additional unknowns on the edges

e connection between elements via fluxes that uses functions on the
edges

24



up € Vp = {Vh E Lz(Q), vhp € Pk(K) VK € 77,}

up € Vh = {Vh € Lz(]'—), Vp € Pk(F) VF € .7:}

25



HDG fluxes

DG fluxes
Advection: upwinding
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HDG fluxes

DG fluxes
Advection: upwinding

Diffusion Interior penalty or Local DG or one of the many

HDG fluxes
u ifb-n>0

Advection: U, =
u ifb-n<O

Diffusion IP: G, = Vi + %(UL ~T)n

Local DG: q, = q;, + 7(u. — T)n

26



Upwind for HDG

up
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Upwind for HDG
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2 unknowns but only 1 equation

Solve —u”" =1,u(—1) = u(1l) =0 as

How to choose ©?

—u" =1 on(-1,0) —u” =1 on (0,1)
u(-1) = u(0) =u
u(0)=1 u(1) =0
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2 unknowns but only 1 equation

Solve —u”" =1,u(—1) = u(1l) =0 as

How to choose ©?

—u" =1 on(-1,0) —u” =1 on (0,1)
u(-1) = u(0) =u
u(0)=1 u(1) =0

u=0.25 u=0.5 u=0.75

Continuous flux

Equation for T: to ensure a continuous flux

28



HDG Degrees of Freedom
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Linear problem

Weak form
Seek (up, Tp) € Vi x V), such that forall (vp, Vi) € Vi x V)

arpc ((un, Tn), (Vhs Va)) = Iupe (Vh, V)

30



Linear problem

Weak form
Seek (up, Tp) € Vi x V), such that forall (vp, Vi) € Vi x V)

anpG ((Un, Tn), (Vhs Vi) = IHpG (Vh, V)
Linear system System form

ay(un, vi) + ar(Tn, vi) = Ii(va)

aiF(un, Vi) + are(tn, Vi) = Ir(Vh)

30



Linear problem

Weak form
Seek (up, Tp) € Vi x V), such that forall (vp, Vi) € Vi x V)

arpc ((un, Tn), (Vhs Va)) = Iupe (Vh, V)

Linear system System form

ay(un, vi) + ar(Tn, vi) = Ii(va)

aiF(un, Vi) + are(tn, Vi) = Ir(Vh)

Block system

A B
c D

<l <

30



Schur-complement

A is block diagonal

AU+BU=F U=AF-BU)
_ = _ _
CU+DU=G CAYF-BU)+DU=G

31



Schur-complement

A is block diagonal

AU+BU=F U=AF-BU)
_ = _ _
CU+DU=G CAYF-BU)+DU=G

Solution in two steps

31



Schur-complement

A is block diagonal

AU+BU=F U=AF-BU)
_ = _ _
CU+DU=G CAYF-BU)+DU=G

Solution in two steps

(D—-CA'B)U=G - CA'F

31



Schur-complement

A is block diagonal

AU+BU=F U=AF-BU)
_ = _ _
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(D—-CA'B)U=G - CA'F
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Diffusion Dominated Problem

Consider the advection-diffusion problem

—kAu+C-Vu=f in Q =10,1] x [0, 1],
u=gp onl =0Q,

with exact solution u(x,y) = sin(6x)sin(6y), f and gp are derived from
this exact solution, ¢ = (—1,1)7 and & is the diffusion coefficient.
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Diffusion Dominated Problem

Consider the advection-diffusion problem

—kAu+C-Vu=f in Q =10,1] x [0, 1],
u=gp onl =0Q,

with exact solution u(x,y) = sin(6x)sin(6y), f and gp are derived from
this exact solution, ¢ = (—1,1)7 and & is the diffusion coefficient.

Convergence rates

|u— upll2@y < CH*H!
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(1,1,0.9¢

Figure 5: ||unpc — ue||, = 3.7621e — 4
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Pure Advection Problem

Consider the same problem

—kAu+C-Vu=f in Q =10,1] x [0, 1],
u=gp onl=090Q,

with exact solution u(x,y) = sin(6x)sin(6y), f and gp are derived from
this exact solution, ¢ = (—1,1)7 and xk=0.
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(1,1,0.99

Figure 6: ||unpc — ue||r, = 3.0956e — 4
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Comparison of the degrees of freedom

n x n uniform structured triangular mesh

7 k=1 7 k=3 7 k=5
4510 4510 4510
3 3 3
2 2 2
1 1 o 1
-4 '“
v ,"‘:0"
100 500 1000 100 500 1000 100 500 1000

Degrees of freedom for polynomial degree kK = 1,3, 5.
Continuous line CG, dashed line DG, Continuous line with circles EDG,
dashed line with diamonds HDG
36



Matrix Sizes Demonstration

Consider the Poisson problem

—Au=f in Q=10,1] x [0,1]
u=gp onl =00Q.

We are going to use the same mesh for all the discretizations.

37



Figure 7: The mesh
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Matrix Properties kK =2

(a) CG: n=1089, nnz=8961

A

(c) HDG: n=5472, nnz=76128

(b) DG: n=3072, nnz=71424

(d) SC: n=2400, nnz=34848

39



Matrix Sizes kK =5

Table 1: Matrix size(n) and #Nonzeros(nnz) for different discretizations of

order 5

‘ n nnz

CG 6561 199521
DG | 10752 874944
HDG | 15552 617664
SC 4800 139392
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Table 1: Matrix size(n) and #Nonzeros(nnz) for different discretizations of

order 5

‘ n nnz
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HDG | 15552 617664
SC 4800 139392
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IPDG-H for ADR Problems




General equation

Consider the general advection-diffusion-reaction problem

V.- (—kVu+bu)+cu=f inQ,
u=gp onl =02.
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General equation

Consider the general advection-diffusion-reaction problem

V.- (—kVu+bu)+cu=f inQ,
u=gp onl =02.

Rewrite it in mixed form, let g = —xVu;

g+ rkVu=20 in Q,
V-(q+bu)+cu=f in Q,
u=gp onl =090

41



Start by meshing the domain Q; 7 = {K}, non-overlapping elements,
and,
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Start by meshing the domain Q; 7 = {K}, non-overlapping elements,
and,

Fi= {FIF =0KT(N 0K~} and Fb = {F|F = 0K 02},

F=F Ufb.

Assumption; F € F has nonzero (d — 1) Lebesgue measure, where d is
the dimensionality of Q.
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Start by meshing the domain Q; 7 = {K}, non-overlapping elements,
and,

Fi={F|F =0KtN 0K~} and Fb = {F|F = 0K 02},
F=FUF

Assumption; F € F has nonzero (d — 1) Lebesgue measure, where d is
the dimensionality of €.

(+,-)k: standart L?(K)-inner product
< -,» >f: standart L?(F)-inner product
('7 ')Q = ZKET('a ')K

< .- >pa= ZFe}'<'7'>F

42



Now, define the spaces,

Ry = {rn € [2(Q)]7,m € [P(K)]® VK eT}
Vi ={Vh € L?(Q), vy € Pi(K) VK €T}
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Now, define the spaces,

Ry = {rn € [2(Q)]7,m € [P(K)]® VK eT}
Vi ={Vh € L?(Q), vy € Pi(K) VK €T}

and multiply by test functions r, v over Q, and integrate,

(g,r)a+ (kVu,r)g=0
(V- (q+ bu),v)q + (cu, v)a = (f, v)a.

Project the boundary conditions to boundary faces and enforce them

strongly
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Now apply integration by parts wherever it is necessary,

a4



Now apply integration by parts wherever it is necessary,
From first line,

(g,r)a = (u,kKV - r)ag— < U,Kkr - n >pq

—(kVu,ra+ < u—U,kr-n>sq .
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Now apply integration by parts wherever it is necessary,
From first line,

(g,r)a = (u,kKV - r)ag— < U,Kkr - n >pq

—(kVu,ra+ < u—U,kr-n>sq .

Second line is longer, consists more terms, hard to keep it tidy,

o —

— (EU, VV)Q+ < EU SV >0
—(q,Vv)a+ < §-n,v>pq +(cu, v)g = (f,v)a.
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To reduce the number of these equations, pick r = Vv and substitute
(g,r)a for (g, Vv)a

N

—(bu, Vv)a+ < bu- ii,v >9q +(kVu, Vv)q
— <u—U,KVV-n>pq + < §-nv >sq +(cu,v)a = (f,v)q.
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To reduce the number of these equations, pick r = Vv and substitute
(g, r)a for (g, Vv)a

N

—(BU,VV)Q+ < bu- v >a0 +(kVu, Vv)q

—<u—U,kVV-n>sq+ < §-n,v>sq +(cu,v)a = (f,v)q.

It might be desirable to keep the mixed form sometimes, i.e. for
superconvergent methods with diffusion dominated problems.
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To reduce the number of these equations, pick r = Vv and substitute
(qv r)Q for (q7 VV)Q

—

—(bu, Vv)a+ < bu- ii,v >9q +(kVu, Vv)q

— <u—U,KVV-n>pq + < §-nv >sq +(cu,v)a = (f,v)q.

It might be desirable to keep the mixed form sometimes, i.e. for
superconvergent methods with diffusion dominated problems.

Introduce A € M, where,

My = {un € L3(F), un € Pi(F) VF € F}

which is a function that only exists on the faces of the elements.
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Define the fluxes using A, to get IP-HDG derivation,
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Define the fluxes using A, to get IP-HDG derivation,

bu-iF=bu-F+Ch-F(A—u)=(1—C)bu-i+(h- A,
U=\
G=—-KkVu— gf<;ﬁ'()x— u),
hk

where ( is an indicator function for interelement boundary (1 for inflow, 0

for outflow).
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Define the fluxes using A, to get IP-HDG derivation,

bu-iF=bu-F+Ch-F(A—u)=(1—C)bu-i+(h- A,
U=\
G=—-KkVu— gfiﬁ'()x— u),
hk

where ( is an indicator function for interelement boundary (1 for inflow, 0

for outflow).

2 unknowns: A and u, 1 equation!
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Define the fluxes using A, to get IP-HDG derivation,

bu-iF=bu-F+Ch-F(A—u)=(1—C)bu-i+(h- A,
U=\
G=—-KkVu— gfiﬁ'()x— u),
hk

where ( is an indicator function for interelement boundary (1 for inflow, 0

for outflow).

2 unknowns: A and u, 1 equation! Enforce continuity of the fluxes

through faces;

<<5u~ﬁ,u>ag+<€]-ﬁ,u>aﬂ) =0.
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Weak formulation

Find (u,\) € Vi, x M s.t. Y(v,u) € Vi X M,

—

—(bu, Vv)a+ < bu- i, v >aq +(kVu, Vv)g
— <u—U,KVV-n>pq + < §-mv >pq +(cu,v)a = (f,v)q,

and,

—(< Eu-ﬁ,u>ag+<fl'ﬁ,u>aﬂ> = 0.
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Block structure

Contents of each block,

[ [} _ |(uwv) (Av)|

(2] [3] (v ) (A )
Reminder: First block is block diagonal, so Schur complement of this
system is easy to compute.
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e Smaller linear system to solve
e Usually more accurate

e Better conditioned
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e Smaller linear system to solve
e Usually more accurate

e Better conditioned

Better for fluid dynamics problems;

e H(div)-conforming spaces

Exactly pointwise divergence free velocity fields (incompressibility)
e Mass conservation

e Momentum conservation

Energy stability (transient problems)
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IPDG-H for the Stokes Problem




The Stokes Problem

Given | = (to, tf], f : QxI — R9 and up = Qxty — RY, the Stokes
problem for v : Qx/ — R? is

ou+V-o=1Ff inQQ,

V-u=0 inQQ,
u=0 onl =00,

/pdx:O,

JQ

where 0 = pl — Vu.
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Define the spaces,

Vi = {vn € [LA(T)]7, vi € [P(K)]Y VK €T}
Vo= {7 € [2(F)]", 0 € [P(F)? VFeF}
Qn={agn € L’(T),qn € Pu—1(K) VK €T}
Qn={gn € L*(F),qn € P(F) VF € F}
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Weak formulation

Find (u, @,p,p) € Vi x Vi, x Qp x Qp st
V(V, Vaqad) S Vh X Vh X Qh X Qh,

Z/};V“:VVdXJFZ/;K(H“)'gZdSZ/PV‘VdX

KeT KeT keT 'K

52



Numerical Fluxes
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Numerical Fluxes

Vi = {vi € [I2(T)]7, vh € [PL(K)]? VK €T}
Qn=1{qn € L*(T),qn € Pk_1(K) VK €T}

ap can be set to zero.
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Some Insights to Weak Formulation

Z/ —ds—Z/pV v dx

KeT KeT

JrZ/aKcrn v—7V) ds—Z/f v dx

KeT KeT*

KeT

Z/VU Vv dx +
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Some Insights to Weak Formulation

Z/ —ds—Z/pV v dx

/Vu Vv dx +
KeT KeT KeT

+Z/{;K0n (v—v)- ds—Z/f v dx

KeT KeT*

Setting ¥ = 0, momentum balance subject to b.c. provided by &
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Some Insights to Weak Formulation

Z/VU Vvdx—i—Z/ —ds—Z/pV v dx

KeT KeT KeT

+Z/{;K0n (v—v)- ds—Z/f v dx

KeT KeT*

Setting ¥ = 0, momentum balance subject to b.c. provided by &

Setting v = 0, weak continuity of & across facets
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Some Insights to Weak Formulation

Z/u qux+Z/ ds—/ﬁ~nc‘;ds:0.
r

KeT KeT
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Some Insights to Weak Formulation

Z/u qux+Z/ ds—/ﬁ~nc‘;ds:0.
r

KeT KeT

Setting g = 0, enforcing the continuity equation locally
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Some Insights to Weak Formulation

Z/u qux+Z/ ds—/LTnc']ds:O.
r

KeT KeT

Setting g = 0, enforcing the continuity equation locally

Setting g = 0, weak continuity of J across facets
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H(div)-conforming: normal component of u is continuous across
inter-element boundaries
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H(div)-conforming: normal component of u is continuous across
inter-element boundaries

Set v, v,q = 0 and sum the weak formulation equations to see.
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H(div)-conforming: normal component of u is continuous across

inter-element boundaries
Set v, v,q = 0 and sum the weak formulation equations to see.

Pointwise divergence-free: V- u =10
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H(div)-conforming: normal component of u is continuous across
inter-element boundaries

Set v, v,q = 0 and sum the weak formulation equations to see.
Pointwise divergence-free: V- u =10

Since q,V - u € Px_1(K), it follows.
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H(div)-conforming: normal component of u is continuous across
inter-element boundaries

Set v, v,q = 0 and sum the weak formulation equations to see.
Pointwise divergence-free: V- u =10
Since q,V - u € Px_1(K), it follows.

Mass Conservation: [[u]] = 0 at interior faces and u-n= - n at
boundary faces.
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H(div)-conforming: normal component of u is continuous across
inter-element boundaries

Set v, v,q = 0 and sum the weak formulation equations to see.
Pointwise divergence-free: V- u =10
Since q,V - u € Px_1(K), it follows.

Mass Conservation: [[u]] = 0 at interior faces and u-n= - n at
boundary faces.

Momemtum Conservation: & [, udx = [, f dx— [, &nds
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H(div)-conforming: normal component of u is continuous across
inter-element boundaries

Set v, v,q = 0 and sum the weak formulation equations to see.
Pointwise divergence-free: V- u =10
Since q,V - u € Px_1(K), it follows.

Mass Conservation: [[u]] = 0 at interior faces and u-n= - n at
boundary faces.

Momemtum Conservation: & [, udx = [, f dx— [, &nds

Global energy stability: < [, |u[?> dx < 0.
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